In this paper, numerical algorithms based on fast convolution for the fractional integral and fractional derivative are proposed. Two examples are also included which show the efficiency of the derived method.
Introduction
Fast convolution for solving convolution quadrature was proposed several years ago [1] [2] [3] . It is known that the fractional integral and the fractional derivative are defined in a way of convolution [4] . Thus, it makes sense to design an algorithm for fractional calculus by using the fast convolution method. The derived algorithm in this paper requires O (N log N) operations and O (log N), active memory in place of O (N 2 ) operations and O (N) active memory given in [5] , [8, 9] where N denotes the total step number.
The definitions of fractional integral and fractional derivative are introduced below. Definition1. The fractional integral (or, Riemann-Liouville integral) of function y is defined by: 
The fast convolution for fractional calculus Firstly, we introduce the numerical inversion of the Laplace transform of a kernel f(t) = = t a-1 /G(a). Simple calculation implies: So the inversion of gives:
where G is a counter-clockwise integral contour in the sector of analyticity, which goes to infinity with an acute angle to the negative real half-axis and is oriented with increasing imaginary part. Thus it ensures the absolute convergence of the integral appearing in eq. (4). For a suitable contour G and t Î [t 0 , Lt 0 ], where L > 1 is a positive scale parameter, the approximation algorithm of inverse Laplace transform by discretizing the contour integral can be used. -In general, the contour G is a suitably chosen hyperbola which lies in the left branch, and is parameterized as follows:
( , , ):
where l > 0 is a scale parameter and a > 0, [2, 8] . Figure 1 is for a = p/2 -1/2. We notice that the mapping T takes the negative x to the complex point where the real part is less than 0 and the imaginary part is larger than 0.
-Then the truncated trapezoidal rule can be applied to approximate the kernel function (4) according to [8] , that is:
where weights w k and quadrature nodes s k are given by:
with step length t > 0. In [9] , the different choice of G and parameterizations were discussed in order to get a better convergence result. Due to this, we take: From fig. 2 , it appears that the numerical error is very small which can be negligible when 0 < a < 2, and from fig. 3 , it shows the importance of the choice of n.
Next, we derive the numerical algorithm for fractional calculus. 
where B > 1 is an integer. Let the total step number L be the smallest integer satisfying t < 2B L Dt. : [, ] . 1, 2,. .., L -1), the approximation of f(t) on it results from applying the trapezoidal rule to a parameterization of the contour integral for the inverse Laplace transform as discussed above (6) . That is,
with a suitably chosen complex contour G l describing in [6] . 
where k = -n, -n + 1, ..., n, and l = 1, 2, ..., L -1.
-Then, the approximation of A 2 is discussed. Approximate y(t) by linear interpolation:
Here t i = t -Dt and t i + 1 = t. So:
Finally, by combining the approximation (11) with eq. (14), the algorithm for fractional integral is completed, that is: 
Similarly, the approximation (2) is given as: 
Numerical examples
Two numerical examples for fractional calculus are given in this section. These numerical simulations show that our algorithms are efficient.
Example 1. Let y(t) = t 4 , numerical solution and the error to fractional integral are given in figs. 5-8. The results are also compared with the numerical solution by using Diethelm's method in [5] . It shows that our method not only improves the algorithm complexity of fractional integral but also remains the precision to some extent. Example 2. Let y(t) = t 4 , numerical solution and the error to fractional derivative in Caputo sense are given in figs. 9-12. The results are also compared with the numerical solution by using the method derived in [5] . It also shows that our method not only improves the algorithm complexity of fractional derivative but also remains the precision to some extent. 
